Superoscillatory functions-band-limited functions with local oscillations faster than their fastest Fourier components-are extended to families that are 'leaky'-not band-limited-but possess the same local oscillations. Two different extensions are presented. For deterministic functions, the prototype superoscillatory function is embedded in a leaky one-parameter family that can be studied in detail analytically. For Gaussian random superoscillatory functions, the coefficients in the Fourier series that represents them are modified so as to change the power spectrum from band-limited to leaky. Fast oscillations in leaky functions can be indistinguishable from superoscillations, but in practice this is unlikely to be important.
Introduction
It is now well understood how band-limted functions can possess local oscillations arbitrarily faster than their fastest Fourier components [1] [2] [3] [4] [5] [6] . This is the mathematical phenomenon of superoscillation, with applications to physics [7] ; examples are superresolution microscopy [8] [9] [10] , and a possible mechanism for heating the solar corona [11] .
Band-limited functions are mathematical idealisations, useful in modelling physical phenomena; the monochromatic wave is a familiar example. No function describing a physical field can be strictly band-limited: it will always be 'leaky', in the sense of possessing a high-frequency tail extending beyond the nominal band limits. Therefore it is important to explore the effects of leaks on superoscillations. That is my purpose here. A natural question is: can high frequencies in leaky functions be distinguished from genuine superoscillations? The answer will be: strictly not, but as argued in section 4 this is unlikely to be important in applications of superoscillations.
The exploration has two parts. In section 2, a simple modification of the prototype superoscillatory function destroys band-limitedness while preserving the local oscillations, in a way that enables the effect of the leaks to be understood; this requires some technical asymptotics, outlined in the appendix. Section 3 considers discrete Fourier series with components whose phases are random; these Gaussian random functions can be band-limited or leaky, and leaky versions can be created whose local oscillations mimic superoscillations. The concluding remarks in section 4 assess the significance of the calculations.
It is convenient to consider complex functions 1) and represent the local oscillation frequency by the phase gradient:
This way of representing oscillations is natural as well as convenient, because the phase gradient appears in several physical contexts; for example, if x represents position, the same quantity K(x) is the local expectation value of momentum, the weak momentum with position post-selected, and the momentum-averaged Wigner function at a given position [12] .
Deterministic functions
We start with the observation that the local oscillations K(x), defined by (1.2), depend only on the phase. Therefore for any superoscillatory function f S (x), and any non-negative multiplier function ρ(x), the function
has the same K(x) as f S (x). By construction, f S (x) is band-limited, but f(x) can be leaky.
To explore this, we consider the following family of functions of the type (2.1), labelled by a parameter β:
(2.2) This generalises the familiar prototype superoscillatory function [13] [14] [15] , which corresponds to β = 0. Three particular cases, illustrated in figure 1, are
(The case β = 1, with -1 < a < 0, represents 'suboscillations', with a spectrum of Fourier coefficients whose frequencies are all negative [16] .)
For all β, the functions (2.1) have the same behaviour near x = 0 (modπ):
Also for all β, the functions are Nπ periodic: they have Fourier series
For the familiar band-limited case β = 0 (figure 1(a)), |k n | ⩽ 1. Otherwise, the functions are leaky: infinitely many coefficients c n,β , (except when Nβ is a negative integer). Yet all the functions have the same local oscillations
What distinguishes them are their Fourier spectra, defined by
in which, here and hereafter, A denotes a generic constant. The large-N asymptotic forms of these spectra are derived in the appendix. For all β except β = 1/2, the spectra are asymptotically Gaussian (as already known [15] for β = 0), with spectral mean values k m (β) (defined in (2.9) later) different for β < 1/2 and β > 1/2, and different widths ∆(β) that get narrower as N increases and as β approaches 1/2. Figure 2 shows some cases. Explicitly,
The distinction between β < 1/2 and β > 1/2 is important. When β < 1/2, the spectra are concentrated around k m = 1/a, which since a > 1 lies within the band-limited spectrum |k| ⩽ 1 for β = 0. When β > 1/2, the spectra are concentrated around k m = a, which is outside the spectrum for β = 0 but corresponds to the maximum value of the local phase gradient K(0) = a in (2.4) and (2.6).
The spectral mean is defined by
(2.9)
The last member shows that the spectral mean is the x-averaged local phase gradient K(x), weighted by the intensity |f β (x)| 2 . Figure 3 shows how k m (β) increases smoothly but rapidly as β increases through the value 1/2. At the transition, a simple argument shows that k m (1/2) = 1 for all N and a. These results make sense. For all β, the fast local oscillations occur in the neighbourhood of x = 0 (see (2.6) and figure 1), where K(0) = a. For β < 1/2, x = 0 is the minimum value of |f β |, which does not contribute to the averages in (2.9); thus, k m takes the smaller value 1/a, corresponding to the maximum value of |f β |, and lying within the spectrum for the bandlimited case β = 0 (as it must). For β > 1/2, the neighbourhood of x = 0, where the fast local oscillations occur, now takes the value k m = a, corresponding to the maximum, rather than the minimum, of |f β (x)|, and the spectral mean now equals the maximum local phase gradient: the fast variations are conventional oscillations, not superoscillations.
For the transition value β = 1/2, the large N spectrum of f β is not Gaussian. As shown in the appendix, it takes the form
(2.10) in which Ai denotes the Airy function [17] and
(2.11) As figure 4 illustrates, this accurately reproduces the exact spectrum (2.7).
Random functions
The starting-point is an ensemble of conventional superoscillatory functions with a bandlimited spectrum conveniently chosen to be uniform between frequencies k = −1 and k = +1 and zero outside, constructed as a complex Fourier series with N + 1 components whose phases are random: We will create a complementary ensemble of leaky random functions f L (x), whose local oscillations mimic those of the superoscillatory ensemble by having the same probability distribution
The calculation of P(K) follows by a simple extension of statistical arguments that are now familiar, for example in [18] . These show that P(K) depends only on one parameter, namely the variance of the spectrum of f S (x). For the function (3.1), with uniform spectrum, the required statistics are
The result is
A consequence is that the probability that a randomly chosen x is superoscillatory is
(3.5) An obvious modification of (3.1), generating a leaky ensemble (also periodic) with the same
in which Π L (k) is a leaky (i.e. not band-limited) spectrum with the same variance of that of f S (x). A simple choice is the Gaussian The spectrum P β (k) for β = 1/2; the full curve is the approximation (2.10), (2.11); contrast with figure 2. Figure 5 shows the band-limited spectrum Π S (k) (see (3.1)) and the leaky spectrum. Figure 6 compares the real parts u S (x) and u L (x) of samples of the superoscillatory and leaky functions, and figure 7 is the corresponding comparison for the local phase gradients K S (x) and K L (x). Evidently it is impossible from either comparison to distinguish by eye which function is band-limited and which is leaky. Reinforcing this conclusion, and as a check on figure 6(b) . Values outside the shaded area |K| < 1 correspond to superoscillations in the band-limited case. the numerics, figure 8 confirms that the probability distributions of K S and K L agree with each other and with the theoretical function (3.4), as they were constructed to do.
Concluding remarks
Two different constructions have generated functions with leaky spectra whose local oscillations mimic those of band-limited functions, including their superoscillations. For deterministic functions, the construction is the simple one-parameter modification (2.2) of the now-familiar prototype superoscillatory function. For random functions, the construction (3.6) modifies the Fourier coefficients in a way that destroys the band-limitedness but preserves the probability distribution of the local oscillations. Other constructions, with similar properties, can easily be envisaged.
The results seem to imply that, without knowing the power spectrum, fast oscillations cannot strictly be interpreted as superoscillations arising from a band-limited function, because similar fast oscillations occur for functions with a spectrum leaking outside the band limits; each can masquerade as the other.
But this conclusion is unlikely to threaten practical applications of superoscillations, for the following reasons. The foregoing analysis of power spectra did not involve the phases of the Fourier coefficients, which are responsible for the coherent near-destructive interference underlying the small values of functions in the regions where they superoscillate. For the deterministic family of functions (2.2), the phases in the corresponding superposition (2.5) are real, so the phases are signs. For the band-limited function β = 0, these alternate for different k n , giving rise to near-destructive interference near x = 0. For values of β only slightly different from zero, representing the slight leaks potentially threatening the superoscillations, the signs of the coefficients for |k n | < 1 also fluctuate with n, so the destructive interference persists. In the leaky regions |k n | > 1, the signs of the coefficients do not always fluctuate, but the sum of their coefficients is too small to destroy the fast oscillations. Simply stated, even when the spectrum is lightly leaky the fast oscillations arise from the same regions of the spectrum as the genuine superoscillations for β = 0, and are unaffected by the tail. This association of fast oscillations with near-zeros of functions (or exact zeros-phase singularities [19] [20] [21] -when there are two or more variables) also occurs in random functions, for which near-cancellations are common, and if the spectrum is leaky the near-zeros are usually not associated with the leaky parts of the spectrum.
In physical situations, the spectrum is almost always leaky, so according to the strict definition in terms of band-limited functions there are no superoscillations. But from the considerations above we can conclude that it is nevertheless reasonable to use the term 'superoscillations' to describe fast oscillations, if there are similar genuinely out-of-spectrum oscillations of an associated band-limited function that closely approximates the physics.
In the band-limited and leaky functions employed as illustrations here, the spectrum was discrete, so the functions f(x) were not square-integrable. But band-limited and leaky functions that are also square-integrable can be represented using continuous spectra. The analysis described in this paper remains applicable, but in addition it is possible to define a 'superoscillatory yield' [6] in terms of the energy of the superoscillatory region relative to the total. It appears [5] that this yield can be enhanced by leaks.
Finally, we note that although the discussion has been phrased in terms of the oscillations of functions, it applies more widely, to the quantum 'weak values' of operators A with bounded spectra, in 'weak measurements' involving pre-and post-selected states |pre⟩ and ⟨post| [13, 22] . In this theory, the weak value is
As mentioned earlier, the phase gradient is the weak value of momentum (divided by ), in which ⟨x|pre⟩ = f (x), and position is post-selected: ⟨post| = ⟨x| [12] . 'Superweak' values, lying outside the bounded spectrum of A, generalise the notion of superoscillation; they are unexpectedly common [23] . The discussion of this paper could have been phrased, perhaps less intuitively, in terms of operators whose spectra is not quite bounded, i.e. leaky.
